BISHOP AND LAPLACIAN COMPARISON THEOREMS 
ON THREE DIMENSIONAL CONTACT 
SUBRIEMANNIAN MANIFOLDS WITH SYMMETRY 
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Abstract. We prove a Bishop volume comparison theorem and a 
Laplacian comparison theorem for three dimensional contact sub- 
riemannian manifolds with symmetry. 



1. Introduction 

Recently, there are numerous progress in the understanding of curva- 
ture type invariants in subriemannian geometry and their apphcations 
to PDE IinillSllISlEElElllllIl]. In this paper, we continue to in- 
vestigate some consequences on bounds of these curvature invariants. 
More precisely, we prove a Bishop comparison theorem and a Lapla- 
cian comparison theorem for three dimensional contact subriemannian 
manifolds with symmetry (also called Sasakian manifolds). 

The paper is organized as follows. In section [2l we recall various 
notions in subriemannian geometry needed in this paper. In particular, 
we recall the definition of curvature Ru and R22 for three dimensional 
contact subriemannian manifolds introduced in [121 1121 [I] • In section 
[31 we show that the curvature Ru is closely related to the Tanaka- 
Webster curvature in CR geometry. In section HJ we collect various 
results on the cut loci of Sasakian manifold with constant Tanaka- 
Webster curvature (also called Sasakian space forms). In section O we 
give an estimate for the volume of subriemannian balls. In section [6], we 
prove the subriemannian Bishop theorem which compares the volume 
of subriemannian balls of a Sasakian manifold and a Sasakian space 
form. We introduce the subriemannian Hessian and sub-Laplacian in 
section [7] and give the formula for the Laplacian of the subriemannian 
distance in Sasakian space form in section [HI We prove a subriemannian 
Hessian and a subriemannian Laplacian comparison theorem in section 
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[9l As an application, we give a lower bound of the solution to the 
subriemannian heat equation in section [TUl 
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2. Subriemannian Geometry 

In this section, we recall various notions in subriemannian geometry 
needed in this paper. A subriemannian manifold is a triple (M, A,(yf), 
where M is a smooth manifold, A is a distribution (a vector subbundle 
of the tangent bundle of M), and g is a. fibrewise inner product defined 
on the distribution A. The inner product g is also called a subrieman- 
nian metric. An absolutely continuous curve 7 : [0, 1] — )■ M on the 
manifold M is called horizontal if it is almost everywhere tangent to 
the distribution A. The distribution A is called bracket-generating if 
vector fields contained in A together with their iterated Lie brackets 
span the whole tangent bundle. More precisely, let Ai and A2 be two 
distributions on a manifold M, and let X(Aj) be the space of all vector 
fields contained in the distribution Aj. Let [Ai, A2] be the distribution 
defined by 

[Ai, A2]x = span{wi(x), [w2,W3]{x)\wi G X{Ai)}. 

We define inductively the following distributions: [A, A] = A^ and 
A'^ = [A, A*^"^]. A distribution A is called bracket generating if A^ = 
TM for some k. Under the bracket generating assumption, we have 
the following famous Chow-Rashevskii Theorem (see |15] for a proof): 

Theorem 2.1. ( Chow-Rashevskii) Assume that the manifold M is con- 
nected and the distribution A is bracket generating, then there is a 
horizontal curve joining any two given points. 

Assuming the distribution A is bracket generating, we can use the 
inner product g to define the length /(7) of a horizontal curve 7 by 

^(7)= f gm)n{t)f''dt. 
Jo 

The subriemannian or Carnot-Caratheodory distance d{x, y) between 
two points X and y on the manifold M is defined by 

(2.1) ci(x,2/) = infZ(7), 

where the infimum is taken over all horizontal curves which start from 
X and end at y. 
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The horizontal curves which reahze the infimum in (12 .ip are called 
length minimizing geodesies. From now on all manifolds are assumed 
to be complete with respect to a given subriemannian distance. It 
means that given any two points on the manifold, there is at least one 
geodesic joining them. 

Next we discuss the geodesic equation in the subriemannian setting. 
Let a be a covector in the cotangent space T*M at the point x. By 
nondegeneracy of the metric g, we can define a vector v in the distribu- 
tion Aj. such that g{v, ■) coincides with a(-) on A^,. The subriemannian 
Hamiltonian H corresponding to the subriemannian metric g is defined 
by ^ 

H{a) := -g{v,v). 

Note that this construction defines the usual kinetic energy Hamilton- 
ian in the Riemannian case. 

Let TT : T*M — M be the projection map. The tautological one 
form 6 on T*M is defined by 

e^{V)=a{dn{V)), 

where a is in the cotangent bundle T*M and is a tangent vector on 
the manifold T*M at a. 

Let u = d6 he the symplectic two form on T*M. The Hamilton- 
ian vector field H corresponding to the Hamiltonian H is defined by 
u{H, ■) = —dH{-). By the nondegeneracy of the symplectic form u, the 
Hamiltonian vector field H is uniquely defined. We denote the flow cor- 
responding to the vector field H by e*^^ . If t e*^^ (a) is a trajectory of 
the above Hamiltonian flow, then its projection t i— )■ 7(t) = 7^{e'^^{a)) 
is a locally minimizing geodesic. That means sufficiently short segment 
of the curve 7 is a minimizing geodesic between its endpoints. The min- 
imizing geodesies obtained this way are called normal geodesies. In the 
special case where the distribution A is the whole tangent bundle TM, 
the distance function (12. ip is the usual Riemannian distance and all 
geodesies are normal. However, this is not the case for subriemannian 
manifolds in general (see [12] and reference therein for more detail). 

Next we restrict our attension to the three dimensional contact sub- 
riemannian manifold. Let A be a two generating distribution with two 
dimensional fibres on a three dimensional manifold M. A is a contact 
distribution if there exists a covvector a such that A = {f |(T(f) = 0} 
and the restriction of da to A is nondegenerate. If we fix a subrieman- 
nian metric g, then we can choose a so that the restriction of da to 
the distribution A coincides with the volume form with respect to the 
subriemannian metric g. 
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Let {vi,V2} be a local orthonormal frame in the distribution A with 
respect to the subriemannian metric g and let Vq be the Reeb field 
defined by the conditions ct^Vq) = 1 and da{vo, ■) = 0. This defines a 
frame {vq, fi, ^2} in the tangent bundle TM and we let {ao = a,ai,a2} 
be the corresponding dual co-frame in the cotangent bundle T*M (i.e. 

The frame {vo,vi,V2} and the co-frame {ao,ai,a2} defined above 
induces a frame in the tangent bundle TT*M of the cotangent bundle 
T*M. Indeed, let be the vector fields on the cotangent bundle T*M 
defined by i^.o; = — ctj. Note that the symbol in the definition of a, 
represents the pull back 7r*aj of the 1-form a on the manifold M by the 
projection tt : T*M — )■ M. This convention of identifying forms in the 
manifold M and its pull back on the cotangent bundle T*M will be used 
for the rest of this paper without mentioning. Let ^1 and ^2 be the 1- 
forms defined by ^1 = hia2 — h2ai and ^2 = ^i^i + h2a2, respectively, 
and let be the vector fields defined by i^u = — ^j. Finally if we 
let hi : T*M — )■ R be the Hamiltonian lift of the vector fields Vi, 
defined by hi{a) = a{vi), then the vector fields ho, hi, h2, c?, ^1, ^2 define 
a local frame for the tangent bundle TT*M of the cotangent bundle 
T*M. Under the above notation the subriemannian Hamiltonian is 
given by if = + (/i2)^) and the Hamiltonian vector field is 

H = hihi + /i2/i2- 

We also need the bracket relations of the vector fields Vo,Vi,V2. Let 
■ be the functions on the manifold M defined by 



(2.2) [vi, Vj] = a°-fo + a]jVi + a]jV2. 
It is not hard to check that 

(2.3) Aq]^ = = 0, — '^01 '^02 ~ 0- 

Recall that a basis {ei, e„, /i, /„} in a symplectic vector space 
with a symplectic form w is a Darboux basis if it satisfies uj{ei, ej) = 
'-^{fiy fj) = 0, and uj{fi, ej) = 6ij. We recall the following theorem from 

Theorem 2.2. For each fixed a in the manifoldT* M , there is a moving 
Darboux frame 

e.(t) = (e*^)*e.(0), Mt) = (e*^)7.(0), 2 = 1, 2, 3 

in the symplectic vector space TaT*M and functions 

^11 _ ^e'"yRl\Rf = {e'^YRf : T*M M 
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depending on time t such that the following structural equations are 
satisfied 

' ei(t) = 

(^2{t) = ei(t), 

esit) = fsit), 
' f,(t) = -Rj'e,it)-Mt), 

Mt) = -Rfe^it), 
I Ut) = 0. 

Moreover, 

^2(0) = 

63(0) = -75^(^o«o + + ^2a2), 

•^i(^) = " ^2^1 + ^0*^0 + (6^12)^1 - hx2i'2\, 

/2(0) = ^[2Hho - hoH - xido + (fia)fi - a6], 
/3(0) = -^H, 
Rl^ = hl + 2Hk - ffia, 

where 

a = dho{H), 

Xo = h2hoi - hiho2 + 

Xi = hoa + 2H^ia — ^iHa, 

K = vxa\2 - V2a\2 - {a\2f - (0^2)^ - |(«oi " «02)- 



3. Connection with Tanaka- Webster Scalar Curvature 

In this section, we show that the invariant k defined in Theorem 
12.21 is up to a constant the Tanaka- Webster scalar curvature in CR 
geometry. 

Let be the Riemannian metric on the manifold M such that the 
basis Vo,Vi,V2 is orthonormal. Let K{v,w) be the sectional curvature 
of the plane spanned by v and w and let fHc(v) be the Ricci curvature 
of the vector v. 

Theorem 3.1. The invariant k, satisfies 

K = 2K{vi,V2) +'nc{vo) + 1. 

Remark 3.2. From now on, we called k the Tanaka- Webster scalar 
curvature. It follows from the above theorem that An coincides with 
the definition of Tanaka- Webster scalar curvature in [17] . 
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Proof. Let V denotes the Riemannian connection of the above Rie- 
mannian metric. By Koszul's formula, we have the following. 

V,,,t'i = al-^^vo - a\2V2, 

V^a^i = ^(aoi + ao2 + 1)vq - a^a^a, 

^ViVo = -002^^2 + ^(-«01 - «02 - 

V^oVi = al^V2 + ^(-ao2 - + 1)^2, 

V^o't;2 = ao2^;i + ^(-«oi - ^02 - 

Let 9^ be the Ricmann curvature tensor of the Riemannian metric 
g^. By definition of 91, we also have 

It follows from the above that 

^c(vo) = g^{^{vo, vi)vo, vi) + g^i^R{vo, V2)vo, V2) 
= -2«)'-^K + a^2)' + ^ 



and 



K{vi, V2) = g^i^iivi, V2)vi,V2) 

l/i 2\ / 1 \2 / 2 \2 2 

= 2*^^02 - «0l) - («12) - («12) + ^'1«12 

1 3 

- 't;2ai2 + (ooi)^ + 4(^02 + alif - 



□ 
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4. Sasakian Space Form 

A three dimensional contact subriemannian manifold is Sasakian if 
the Reeb field preserves the subriemannian metric. Using the nota- 
tion of this paper, it is the same as a = dho{H) = 0. A three di- 
mensional Sasakian manifold is a Sasakian space form if the Tanaka- 
Webster scalar curvature is constant. In this section, we collect various 
facts about injectivity domain (see below for the definition) of Sasakian 
space forms including the recent results in p]. 

Let (M, A, g) be a subriemannian manifold. Let H be the sub- 
riemannian Hamiltonian and let e*^ be the Hamiltonian flow. Let 
vr : T*M — )• M be the projection map and let us fix a point x in the 
manifold M. Let be the set of all covectors a in the cotangent space 
T*M such that the curve 7 : [0, 1] ^ M defined by 7(t) = n{e*^{a)) 
is a length minimizing geodesic. We call Q = the injectivity 

domain of the subriemannian manifold. We also let fl^ be the set of 
covectors in such that the corresponding curve 7 has length less than 
or equal to R. A point a in T*M is a cut point if ■y{t) = 71 {e^^ (a)) is 
minimizing geodesic on [0, 1] and not minimizing on any larger interval. 

A cut point a is a conjugate point if the map 7r(e^'^) is singular at a. 

The Heisenberg group EI is a well-known example of Sasakian man- 
ifold with vanishing Tanaka- Webster curvature. The manifold in this 
case is given by and the distribution A is the span of two vector 
fields dx — \ydz and dy + \xdz. This two vector fields also define a 
subriemannian metric for which they are orthnormal. In this case all 
cut points are conjugate points and Vl^ is given by 

(4.1) VL^ = {a\^/2H{a) < R, -2tt < ho{a) < 2tt}. 

Recall that SU (2), the special unitary group, consists of 2 x 2 matri- 
ces with complex coefficients and determinant 1. The Lie algebra su{2) 
consists of skew Hermitian matrices with trace zero. The left invariant 
vector fields of the following two elements in 5^(2) 

f 1/2 \ f t/2\ 

span the standard distribution A on SU{2). Let g'^ be the subrieman- 
nian metric for which g'^{cui,cu2) = 1. The Reeb field in this case is 
c^uq, where 

_ / -1/2 \ 
""^-[1/2 )■ 

A computation shows that the Tanaka- Webster curvature is given by 
c^. It follows from the result in [6] that all cut points are conjugate 
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points in this case and is given by 



(4.2) = {a\^/ho{ay + 2cm{a) < 2n}. 

The special hnear group SL{2) is the set of all 2 x 2 matrices with 
real coefficients and determinant 1. The Lie algebra sl{2) is the set of 
all 2 X 2 real matrices with trace zero. The left invariant vector fields 
of the following two elements in sl{2) 

1/2 \ _ 1/2 



Mo 



^1 ~ ' -1/2 J ' yi/2 

span the standard distribution A on SL{2). Let g'^ be the subrieman- 
nian metric for which g'^{cui,cu2) = 1. The Reeb field in this case is 
c^Uq, where 

-1/2 
1/2 

The Tanaka- Webster curvature is given by — c^. The structure of the 
set of cut points in this case is much more complicated. However, the 
result in [6] and a computation shows the following. 

Theorem 4.1. Assume that a cut point a in the cotangent bundle of 
SL{2) with subriemannian metric g'^ is contained in Vt^ , where R = 
. Then it is a conjugate point. Moreover, it satisfies 

^\ho{ay -2cm{a)\ = 2ti 

Proof. Let t = Hq — 2Hc^. From the proof of [HI Theorem 5], a in the 
cotangent space T*SL{2) at a point x is a cut point if it satisfies 



(4.3) 

for r(a) < 0, 
(4.4) 

for r(a) > 0, or 
(4.5) 



tan(/io(a)/2) _ tanh( v/-r(«)/2) 
ho{a) \/-T{a) 

tan(/io(a)/2) _ tan(v/r(a)/2) 
ho^a) A/r(a) 

tan(/io(a)/2) 1 



/io(a) 2 
for T{a) = 0. 

Let ri,r2,r3 be the infimum of 2H{a)c^ where a runs over positive 
solutions of (14. 3p . (l4.4p .( B3|l . respectively. The goal is to find the min- 
imum of {Ti,r2,r^}. 
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taii(v^) 1 / N _ tanh(v/z) 



Let f{x) = ^^^^ and g{x) = ^^J^^ ■ Let Fi be a branch of inverses 



of/ 



. Finding ri is the same as 

[0,00) 



and let G be the inverse of g 

[0,00) 

minimizing 4(Fi + G). 

A computation shows that that the derivatives of Fi and G satisfy 

Since Fi and G are nonnegative, F[ + G' = implies that x = 1. It 
follows that ri > r^. 

Let F2 be another branch of inverses of / for which F2 > Fi. 

[0,00) 

We can assume that Fi is the smalUest branch and F2 is the second 
smallest branch. In this case, finding r2 is the same as minimizing 
4(^2 - Fi). It follows from (gj]) that F^{x) - F[{x) = implies x = 1. 
Therefore, there are two possibilities. Either the minimum of F2 — Fi 
occurs at X = 1 which implies that r2 > or 4(^2 — Fi) goes to the 
infimum as x — )■ 00 which implies that r2 = 4 (^)^ — (f)^ = Svr^ < r^. 
The last assertion follows from |6]. □ 



5. Volume of Subriemannian Balls 

In this section, we give an estimate on the volume of subriemannian 
balls of Sasakian manifolds assuming the Tanaka- Webster curvature is 
bounded below. More precisely, let us fix a point x in the manifold 
and let vi , f 2 be an orthonormal basis of the subriemannian metric 
around x. Let Vq be the Reeb field and a^, ai, 02 be the dual coframe 
of the frame fo,fi,f2 (i-e. ai(fj) = Sij). We use this coframe to in- 
troduce coordinates on the cotangent space T*M and let m be the 
corresponding Lebesgue measure. Let (r, 6,h) be the cylindrical co- 
ordinates on T*M corresponding to the above coordinate system (i.e. 
h = hoia), = 2H{a), and tan(^) = ggj). Recall that de- 
notes the set of all covectors a such that ^y2H{a) < R and the curve 
t h-> 7r(e*^(a)), < t < 1 is length minimizing. We use the coordinate 
system introduced above on T*M to identify the set Qr with a sub- 
set in M". Finally, let r] be the volume form defined by the condition 
rjivo,Vi,V2) = 1. We denote the measure induced by 77 using the same 
symbol. 

Theorem 5.1. Assume that there exists a constant ki (resp. k2) such 
that the Tanaka- Webster curvature k of a three dimensional Sasakian 
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manifold satisfies k > ki (resp. < on the ball B{x,R) of radius R 
centered at the point x. Then 

r]{B{x,R))< / b'^'dm (resp.> [ b'^^dr 



where bk : T*M — )■ R zs defined via the above mentioned cylindrical 
coordinates by 



r'^(2— 2 cos(t)— T sin(T)) 



Zf (T > 0, 



r^(2-2cosh(r)+Tsinh(T))) -j ^ ^ g 

g if a = 0, 

a = h'^ + r'^k, and t = \/\a]. 

As a corollary, we have a formula for the volume of subriemannian 
balls on Sasakian space forms. Remark that explicit formula for the set 
in various examples are present in Section H] (see also [6] for more 
details). 

Corollary 5.2. Assume that the three dimensional subriemannian man- 
ifold is a Sasakian space form with Tanaka- Webster curvature k. Then 

ri{B{x,R)) = [ b^dm. 

Proof of Theorem \5.1[ Recall that rj is the measure on M defined by 
r]{vo,Vi,V2) = 1. Let ipt '■ T*M M be the map iptid) = iT{e^'^{a)) 
and let pt : T*M ^ R he the function defined by iptV = Pt'^- Let us 
fix a covector a in T*M. Let ei(t) , e2(t) , csit) , fi(t) , f2(t) , f^it) be a 
canonical Darboux frame at a defined by Theorem 12. 2[ Let ajj(t) and 
bij{t) be defined by 

3 

(5.1) e.(0) = Y.(^i,{t)e,{t) + h,{t)f,{t))- 

i=i 

Finally let At and Bt be the matrices with (z, j)-th entry equal to ajj(t) 
and bij(t), respectively. 

A computation using (15.11) and Theorem 12.21 gives 

(5.2) pt = 2H{a)detBt. 
It follows that from (15. 2p that 

(5.3) r]{B{x,r)) = j dr] = j |pi|rfm= j 2H{a)\dei Bi\dm. 

J 'tpl{flr) J fir J fir 
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Let Et = {ei{t),e2{t),es{t)f and let Ft = /2(t), /sW)^- Here 

the superscript T denote matrix transpose. By the definition of the 
matrices At and Bt, we have 

Eo = AtEt + BtFt. 

If we differentiate the above equation with respect to time t, we have 

= AtEt + AtEt + BtFt + BtFt 

= AtEt + AtC^Et + AtC^Ft + BtFt + Bt{-RtEt - C^Ft), 

Since the manifold is Sasakian, a = dhQ{H) = 0. Therefore, by 
Theorem \2.2\ Et and Ft satisfy the following equatoins 

Et = CiEt + C2-Fj, Ft = —RtEt — C^Ft, 



where 




2 





hl{a) + 2KtH{a) 
i?, = I I = I 

and Kt = i^{'ipt{o:)) . 

It follows that the matrices At and Bt satisfy the following equations 

(5.4) At + AtCi - BtRt = 0, Bt + AtC^ - BtCf = 

with initial conditions Bq = and Aq = Id. 

If we set St = Bt^At and Ut = S^-^ = At^Bt, then they satisfy the 
following Riccati equations. 

St — StC2St + Cj St + SCi — Rt = 

and 

Ut + UtRtUt -CiUt- UtCf + C2 = 

with initial condition Uq = 0. 

Let us fix a constant k and consider the following Riccati equation 
with constant coefficients 

(5.5) ilj^ + U^R^U'l - Cif/f - U'lCl + C2 = 



and initial condition L/q = 0, where R^ = \ 



hl{a) + 2kH{a) 
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The solution of (15 .Sp can be found by the method in pjj. If 
2H{a)k > 0, then 



U 



/ -f sin(rt) t^(cos(rf)-l) 
rt cos (rt) cos(Tt) 

f^(cos(Tt)-l) t^jn cos(Tt)-sin(rf )) 
Tj'^ cos (rt) rf cos(Tt) 

V 



If /ig + 2if(a)A; < 0, then 



-t sinh(Tt) 
Tt cosh(rt) 



t^(l-cosh(Tf)) 

COsh(Tt) 



t^(l-cosh(rf )) t'^ {smh{Tt)~Tt cosh(Tt)) 



V 



Tj COsh(Tf ) 





If hi + 2H{a)k = 0, then 



where n = + 2H{a)k\ 

If we call the inverse 5'^'^ = 



COsh(Tt) 





-t -V 

2 3 ^ 

-t 



\ 





\ 



I Ttin cos(Tt)-sin(Tt)) 
o„™^^.^ sin(rt)) 



V 



t(2— 2 cos(rt)— Ti sin 
Tt^(l-cos(rt)) 
t2(2-2cos(Tt)-Ttsm(rt)) 





iU^)-\ then 

(l-cos(Ti)) 

t2(2-2cos(Ti)-Ttsin(Tt)) 

-r| sin(Tt) 

t3(2-2cos(Tt)-rtsin(Ti)) 







\ 





if hi + 2H{a)k > 0. 



I rt(smh(Tt)~Tt cosh(Tt)) 
' t(2-2cosh(Tt)+Tt smh(Tt)) 
r,2(cosh(r0-l) 
t2(2-2cosh(rt)+Ttsinh(rt)) 

V 



if hi + 2iJ(a)A: < 0. 



r,2(cosh(Tt)-l) 
t2(2-2cosh(Tt)+Tt smh(rt)) 

—rl sinh(Tt) 

t3(2-2cosh{Tt)+rt sinh(rt)) 










6_ 





if hi + 2i/(a)A; = 0. 

By [IS], if fci < K < A;2; then 
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(5.6) 



f/^ < < f/^ < 0. 



Therefore, <St< 
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On the other hand, by (15.41) and the definition of St, we have 

It follows that I det Bt = tr(Cf - ^tCa) det Bt = -tr{StC2) det Bf 
If we replace the matrix Rf in (15 ■4p by R'' and denote the solution by 
and B^, then we have 

det^t V t 2; _ It 2; ^^^^^fc, 

It follows that ^2 is nondecreasing. By definition of Vt and (15. 6p , 
we also have 



det _Bj 2 



det^t detAjdetf/i det A 

lim r- = lini ; r- > lim 



t^o det 5^ t^o det det f/^ ~ det A^^^ 

Therefore, it follows that 

det Bt , det Bt 

> lim ^ > 1. 



det B^^ ~ t^o det B^^ 
Similarly, we also have 

det Bt 



< 1 
det^r ~ 

A calculation gives 



(5.7) I det B^\ := = " 2 cos(r,) - n sin(r,)) 



t{2 - 2 cosh(rt) + n sinh(rt)) 



4 



if hi + 2H{a)k > 0, 

(5.8) b1 
if hi + 2H{a)k < 0, and 

(5.9) it = ^ 

if hi + 2H{a)k = 0. 

It follows that 6^^ < I det Bt\ < Therefore, we have the following 
as claimed 

[ r%'l^dm<ri{B{x,r))<[ r%'l'dm. 

□ 
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6. SUBRIEMANNIAN BiSHOP THEOREM 

In this section, we prove a subriemannian analog of Bishop theorem 
for three dimensional Sasakian manifolds. Recall that r] is the volume 
form defined by the condition ri{vo,vi,V2). We denote the measure 
induced by 77 using the same symbol and let r]^ be the corresponding 
measure in a Sasakian space form of curvature k. Let B^{R) be a 
subriemannian ball of radius R in one of the Sasakian space forms 
SU{2), H, or SL{2) of curvature k (see Section H] for a discussion of 
these space forms). 

Theorem 6.1. (Subriemannian Bishop Theorem) Assume that the 
Tanaka- Webster scalar curvature n of a three dimensional Sasakian 
manifold satisfies k, > k on the ball B{x,R) for some constant k. If 
k > 0, then 

(6.1) viB{x,R))<v\B\R)) 

and equality holds only if k, = k on B{x, R). The same conclusion holds 
for k <0 provided that R < ^y^. 

Proof. Let us start with the proof of (16. ip . By (14. ip . (14. 2p . Theorem 
14. H and Corollary 15.21 it is enough to show that is contained in the 
set 

{a e T*M\^y\ho{ay + kH{a)\ < 27i} 
Suppose that there is a covector a in such that 

Ti := y/\ho{ay + kH{a)\ > 2n. 

Using the notations in the proof of Theorem 15.11 we let 

Eq = AfEt + BtFt, 

where Et = (eo(t), ei(t), e2(t))^ and Ft = {fo(t), fi(t), f2{t)Y are canon- 
ical Darboux frame at a. 

By the proof of Theorem 15. 11 we have that | det Bt\ < b^, where b^ is 
defined in (EZD, (ES]), and (ES]). Since n > 27i, it follows that det Bt = 
for some t < 1. Therefore, ta is a conjugate point contradicting the 
fact that a is contained in Q^. 

Next, suppose equality holds in (16. ip and k > A; on an open set 
O contained in the ball B{x,R). For each point y in O, let 7(t) = 
7r(e*^(Q;)) be a minimizing geodesic connecting x and y. It follows that 
Rt > R^ for all t close enough to 1. By the result in [16j and a similar 
argument as in Theorem 15.11 we have | det -Bi | < | det -Bf | . It follows 
from (15. 3p that ri{B{x, R)) < ri^{B^{R)) which is a contradiction. □ 
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7. SUBRIEMANNIAN HeSSIAN AND LAPLACIAN 

In this section, we introduce subriemannian versions of Hessian and 
Laplacian. For the computation, we will also give an expression for it 
in the canonical Darboux frame. 

Assume that a functon / : M — )■ M is twice diffcrcntiable at a point 
X in the manifold M. The canonical Darboux frame 

{ei(t),e2(t),e3(t),/i(t),/2(t),/3(t)} 
at dfx gives a sphtting of the tangent space Tdf^T*M — Ti^V defined 

by 

n = span{/i(0), /2(0), /3(0)}, V = span{ei(0), 62(0), 63(0)}. 

The differential dn of the projection map n : T*M ^ M defines 
an identification between "H and T^M. On the other hand, the map 
L : T*M V defined by L{a) = —a also gives an identification between 
T;M and V. 

Let us consider the differential (i(c(f^) : T^M Tdf^T*M at x of 
the map x 1— )■ df^. It defines a three dimensional subspace A : = 
d{dfx){TxM) of the tangent space Tdf^T*M. Since A is transvesal to 
the space V, it defines a linear map S from l-LtoV for which the graph 
is given by A. More precisely, \iw — Wh-\-Wy\s & vector in the space A, 
where and w,^ are in l-i and V, respectivly. Then S{wh) = w^. Under 
the identifications of the tangent space T^M with "H and the cotangent 
space T*M with V, we obtain a finear map H^^f{x) : T^M T*M 
called subriemannian Hessian. More precisely, 

H^^f{x){dTT{w))^L-^Sw. 

Proposition 7.1. The subriemannian Hessian H^^f is symmetric i.e. 
{H^^f{x)v,w) = {H^^f{x)w,v). 

Proof. Let wi and W2 be two vectors in the subspace T-L. Since the 
subspace A is a Lagrangian subspace, we have 

uj{wi + S{wi),W2 + S{W2)) = 0. 

Since both H and V are Lagrangian subspaces, we also have 



u;{wi, 8(102)) + i^{S{wi),W2) = 0. 
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It follows from skew symmetry of u and the definition of subrieman- 
nian Hessian that 

= u;{wi,S{w2)) 
= uj{w2,S{wi)) 

= {H^^f{x)d7r{wi),d7r{w2)). 

□ 

Let Li = d7i{fi{0)) and let S)f{x) be the subriemannian Hessian ma- 
trix with ij'-th entry S)ijf{x) defined by 

= {H'^f{x)ii,Lj}^u;{SMO)Jj{0)). 

Recall that Vq denotes the Reeb field and Vi,V2 be an orthonormal 
basis with respect to the subriemannian metric g. 

Proposition 7.2. The subriemannian Hessian matrix S)f satisfies the 
following 

r _ Mfvlf + Mfvlf - M)M){VlV2f + V2Vlf) 

Mr + MY 

— * 

^12/ = {vif)v2Vof - {v2f)viVof + {vof)^13f + ^Mdf), 

. . {vif){v2f){vlf - vlf) - MfM) + MfM) 
^''^ MY + MY 

+ Vof{S)23f + aidf))-Xi{df) 

^23/ = {vof)S^)33f - {vif)voVif - {v2f)voV2f, 

. . _ Mfvlf + (^l/)(^2/)(^2^l/ + ^1^2/) + Mfvlf 

Mr + Mr 

Proof. Let A be the matrix with the ij-th entry a^j defined by 

3 

d{dfa:){ii) = /i(0) + y^a^fcefc(O), 

k=l 

By the definition of the linear map 5', we have 

3 

'5(/.(0)) = $^a,,e,(0). 
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It follows that 

%/(x)=u;(S(/,(0)),/,(0)) = -a,,. 

Let us look at the case an. We have 2H{df) = + (^2/)^- Since 

T^{.dfx) = X, we also have 

Ti*ai{d{df.j)){Li) = ai{Li). 

Therefore, by Theorem \2.2\ we have 

S^ijf{x) = -an 

= -u{hiO),d{dU){L^)) 

_ Mfvlf + Mfvlf - {Vlf){v2f){VlV2f + V2Vlf) 

(vjy + My 

+ al2V2 - a^gfi- 

Similar calculations give the rest of the entries of A. □ 

We define the horizontal gradient by giVufiv) = df{y) for all 
vectors v in the distribution A. Recall that t] is the volume form defined 
by t]{vq,vi,V2) = 1. The sub-Laplacian Ah is defined by Anf = 
div^V///. Here div^ denotes the divergence with respect to the volume 
form 7]. Let C2 be the matrix defined by 

/I 0\ 
C2 = . 
\o ij 

Corollary 7.3. The suhriemannian Hessian matrix S) and the sub- 
Laplacian satisfies 

triC^Sjf) = Anf, 
where tr denote the trace of the matrix. 

Proof. A simple calculation using Proposition 17.21 shows that 

tr{C2Sjf) = {vl + vl + a\^V2 - 012^1)/ = Auf. 

□ 



Let d be the subriemannian distance function of a subriemannian 
manifold (M, A,(yf). Let us fix a point xq in the manifold M. Let 
r : M — )• R be the function r[x) = d{x,Xo) and let f{x) = — ^r^(x). 
Finally, we show that the subriemannian Hessian of the function f takes 
a very simple form. 
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Proposition 7.4. The suhriemannian Hessian matrix i^f satisfies the 
following wherever f is twice dijferentiable 

^i2f = (f if)f2^^of - (^^2f)f i^^of + ^ia{df), 
^isf = 0, 

i322f=-2ft;o'f+M)'-Xi(rff), 

i^23f = 0, 
^33f = -1. 

// we assume that the suhriemannian manifold is Sasakian, then the 
above simplifies to 

^isf = 0, 

^22f=-2ft;o'f+M)', 

^23f = 0, 
i333f=-l. 

Proof. The first formula follows from differentiating the following equa- 
tion by fo, Vi, and V2 

Kf)' + iv2f)' = -2f 

and combining them with Proposition 17.21 

The second follows from a = 0. □ 



8. Sub-Laplacian of Distance Functions in Sasakian Space 

Forms 

In this section, we give a formula for the sub-Laplacian of the subrie- 
mannian distance function of a Sasakian space form. Let d be the sub- 
riemannian distance function of a subriemannian manifold {M,A,g). 
Let us fix a point Xq in the manifold M. Let r : M — )■ M be the function 
r(x) = d{x,xo) and let f{x) = — |r^(x). 

Theorem 8.1. Assume that the subriemannian manifold {M,A,g) is 
a three dimensional Sasakian space form of Tanaka- Webster curvature 
k. Then the subriemannian Hessian matrix S)f satisfies the following 
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wherever f is twice differentiahle. 



( ^ 



sin r—T cos r) 
2— 2 cos r—T sin r 
T^(l— cos r) 



r^ (1 — cos r) 
2— 2 cos r—T sin r 
r'^ sin T 







V 

/ r(r cosh r— sinh r) 
' 2— 2 cosh r+r sinh r 
r^(coshr— 1) 



2— 2 cos r—r sin r 2— 2 cos r—r sin r 

1/ 

r^(coshr— 1) 
2—2 cosh r+ro sinh r 

sinh r 

2—2 cosh r+ro sinh r 2—2 cosh r+r sinh r 



v 

/4 



v 





6 \ 
6 12 
1/ 







0\ 



1/ 



z/ a > 0, 



z/a < 0, 



z/a = 0, 



where a = {vof{z)y — 2f{z)k and t 



By combining Theorem 18.11 and Proposition 17.31 we obtain the fol- 
lowing. 

Corollary 8.2. Let d he the suhriemannian distance function of a 
three dimensional Sasakian space form of Tanaka- Webster curvature 
k. Then the sub-Laplacian A^r satisfies the following wherever r is 
twice differentiahle. 



Aht 



r (sin r—r cos r) 
r(2— 2 cos r—r sin r) 

r(r cosh r— sinhr) 
r(2— 2 cosh r+r sinh r) 
4 



if a > 0, 
tfa < 0, 
z/a = 0, 



where a = r{z)'^{{vor{z)y + k) and t 



Proof of Theorem \8.1\ Let v^t(a;) = 7r(e*^((ifj,)). Assume that 2; is a 
point where f is twice differentiahle. Let A be the image of the linear 
map rf((df),) : T,M ^ Td^T*M. Let Et = {ei{t) , e2{t) , e^{t)f , Ft = 
{fi(t),f2i't),f3{'t))'^ be a Darboux frame at df^ and let ti = (i7r(/j(0)). 
Let At and Bt be the matrices with ij-th entry aij{t) and bij{t), respec- 
tively, defined by 

3 

d{dfy){^) = J2 Mt)eAt) + Kit)fM ■ 
i=i 

We define the matrix St by St = B^^At. Since 7c(e^'^ (dfx)) = xq for 
all X, we have limt_>i S^'^ = 0. The same argument as in Theorem 15.11 
shows that 

St-R + StCi + CjSt - StC2St = 0, 
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where R 




and a is defined by 



a = h^{dUf + 2H{dU)k = MW)' - 2f(z)fc = r{zf{{v^r{z)f + k). 

By the proof of Proposition 17.21 and Bq = I, we have S)f{z) = —Aq - 
-So- By the result in [TT], we can compute St and it is given by 



/ To{sin Tt-Tt cos rt) r^jl-cosTt) 
' 2— 2 cos Tt — Tt sin Tt 2— 2 cos rt—Tt sin rt 



St 



T(f (l-COSTj) 



Tp* sm Tt 



2—2 cos rt — Tt sin rt 2—2 cos Tt—rt sin rt 



TO (rt cosh rt — sinh rt) rg (cosh rt — 1) 



\ 





2— 2 cosh rt+rt sinhrt 2—2 cosh rt+rt sinhrt 
rQ (cosh rt — 1) Tq sinh rt 

2— 2cosh rt+rt sinhrt 2—2 cosh rt+rt sinhrt 










4 


6 


1-t 


(l-t)2 


6 


12 

















\ 





\ 





where = (1 

By setting t = 0, we obtain the result. 



if a > 0, 



if a < 0, 



if a = 0, 



□ 



9. SUBRIEMANNIAN HESSIAN AND LAPLACIAN COMPARISON 

Theorem 

In this section, we prove a Hessian and a Laplacian comparison the- 
orem in our subriemannian setting. Let {M^,A^,g^) and (M^, A^,(yf^) 
be three dimensional contact subriemannian manifolds. Let Xq be a 
point on the manifold M*, let be the subriemannian distance from 
the point Xq, and let fj = —^rf. Let Vq be the Reeb field in M* and 
let {Rl^y and [Rf^Y be the curvature invariant on M* introduced in 
section [2l Finally let 




Rl=\ (R, 







Theorem 9.1. (Subriemannian Hessian Comparison Theorem I) Let 
Zi and Z2 be points on the three dimensional contact subriemannian 
manifolds and M^, respectively, such that fj is twice differentiable 

at Zi. Assume that R] < Rf for all t in the interval [0, 1]. 
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Then 



Remark 9.2. By the result in fj is twice differentiable Lebesgue 
almost everywhere. 

If we restrict to Sasakian manifolds, then we have the following. 

Theorem 9.3. (Suhriemannian Hessian Comparison Theorem II) Let 
d be the suhriemannian distance function of a Sasakian manifold (M, A, g) 
and let f(x) = — |(i^(x,Xo), where Xq is a point on M. Assume that the 
Tanaka- Webster curvature k of M satisfies k, > k (resp. k < k). Then 
the following holds wherever f is twice differentiable. 



T(sin r—r cos t) t (1— cost) 

2— 2 cos T—T siiiT 2— 2 cos T—T sin T 
t^(I-cost) t^ sinT 



2—2 cos T—T sinr 





> { 



/ t(t cosh T— sinh t) 
' 2— 2 cosh T+T sinhr 2— 2cosh 



2—2 cos T—T sin r 



T^{cOsh T— 1) 



r (coshr— 1) 



- sinh 



r'^ sinhr 



2— 2 cosh r+r sinhr 2— 2 cosh r+r sinh 



v 

/4 



v 





6 \ 
6 12 
1/ 
















1 J 




1 T 


o\ 


IT 







1/ 



if a > 0, 



Z/(T < 0, 



zfa = 0, 



(resp. <) where a = (fof)^ — 2A;f and r = 

If we combine Theorem 19.31 and Proposition 17.3^ then we have the 
following sub-Laplacian comparison theorem. 

Corollary 9.4. (Sub-Laplacian Comparison Theorem) Under the no- 
tations and assumptions of Theorem \9.3\. the following holds wherever 
r is twice differentiable. 



r(sinr— Tcosr) 
r(2— 2 cos r—r sin r) 
<^ ) r(r coshr-sinhr) 



if a > 0, 
if a < 0, 



r(2— 2 cosh r+r sinh r) 



jesp. 



> 



where r{x) = d{x,Xo), a = r{z)'^{{vor{z))'^ + k), and r = a/H". 
Proof of Theorem \9.1[ Let (pl{x) = n^e^^ {{dfi)^)) and let 



El 



{e\it),elit),el{t)f 



iflit)J^it)jm' 
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be a Darboux frame at {dfi)zi and let = d7T{fj{0)). Let A] and Bl be 
the matrices with jk-th entry a*;,(t) and b^j^it), respectively, defind by 

3 
k=l 

We define the matrix SI by {Bl)~^Al. As in the proof of Theorem 
18.11 we have S^fi{zi) = —Sq = —A^ and 

SI-I^ + SIC, + C^SI-SIC,SI = ]hn{Sir' = 0, 

where Rl here denotes Rl 

Therefore, by assumption and the result in [IS], we have the following 
as claimed 

Sjf2 = -S^ > -Si = iifi. 

□ 

Proof of Theorem \9.'d Let us first assume that k, > k. Here we use the 
same notation as in proof of Theorem 18.11 The matrix St satisfies the 
equation 

St-Rt + StC^ + CjSt - StC^St = 0, lim(5i)-^ = 0, 

i— ^1 

where 

Rt = 




By the result in [16J, we have St < S'f , where S^ is the solution of 
St-R^ + StC + C^St - StC^St = 0, lim(5i)-i = 0, 

and 

/ (t;of)2 - 2A;f 
R^ = \ 

\ 

If we set t = 0, then we get i^f = —Sq > —Sq. Finally the matrix 5*0 
can be computed using the result in pjj which gives the first statement 
of the theorem. The reverse inequalities under the assumption k < k 
are proved in a similar way. □ 
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10. Cheeger-Yau Type Theorem in Subriemannian 

Geometry 

In this section, we give a lower bound on the solution of the sub- 
riemannian heat equation ii = Ahu in the spirit of its Riemannian 
analogue in [9]. More precisely, let be the function defined by 

\/k{sin(s\/k)—s\/kcos{s\/k)) if > 
2 — 2 cos ( s -^/fc ) — s -s/fc sin ( s -y/fc ) 

^ if A; = 0. 

s 

Let h = h{t, s) : [0, oo) x (0, oo) — )■ M be a smooth solution to the 
following equation 

(10.1) h = h" + h'(f). 

where h and h' denotes the derivative with respect to t and s, respec- 
tively. 

Theorem 10.1. Let {M,A,g) be a three dimension Sasakian manifold 
with non-negative Tanaka- Webster curvature. Let h be a solution of 
Iil0.1\) which satisfies the conditions 

h'(0,s)<0, limh'(t,s)<0. 

s— >0 

Let xq be a point on the manifold M and let r(-) = d{xo, ■), where d 
is the subriemannian distance function. Let VL be an open set which 
contains Xq and have smooth boundary dVL. Let u = u{t, x) be a smooth 
solution to the subriemannian heat equation ii = Ahu on [0, oo) xM\ Q 
which satisfies 

n(0,-)>MO,r(-)), u{t,y)>h{t,riy)) y E dn. 

Then we have u > h o r. 

Remark 10.2. When A; = 0, the function 

h{t,s) = (t + e)"^/^e^^(^ 
is a solution to the equation (110. ip for every e > 0. 

Proof. Let r be the subriemannian distance function from the point 
Xq (i.e. r{x) = d{xo,x)). By Corollary 19.41 and the chain rule, the 
following holds 77-a.e. 

{rfsiiiT— rcosr) .r ^ n 

-TTT^ if (T > 
r(2— 2 cos T—T sm t) 
f if a = 

where a = r^((for)^ + k) and r = r^y {vory + k. 
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If we differentiate (110.11) with respect to s. Then we get 

(10.2) h' = h'" + h"(f) + h'(j)'. 

By maximum principle, we see that h'{t, s) < for all t and for all s 
since h'{0, s) < for all s and h'{t, 0) < for all t by assumptions. 
Therefore, the following holds wherever r is twice differentiable. 

Anigit, r)) = h"{t, r) + h'{t, r) A^r 

(10.3) >h"{t,r) + h\t,r)(j){r) 

= h{t,r). 

Let {to,z) be a local minimum of the function G{t,x) = u{t,x) — 
h{t,r{x)) + 6t, where 5 is a positive constant. Let us assume that 
to > and z in contained in the interior of M\ Q. By the result in 
[8], r is locally semiconcave on M\{xo}. Since g is nondecreasing in 
s, G{t,x) is locally semiconcave on M\{xo} as well. Therefore, by [71 
Theorem 2.3.2], we can find a sequence of points Zi on the manifold M 
converging to z and a sequence of numbers ej converging to such that 

AHGito,Zi) > -ei. 

Since u is the solution of the subriemannian heat equation, it follows 
from (110.31) that ^G(to, Zi) > —ei + 5. If we let i goes to oo, then we 
have = -^Gito, z) > 6 which is a contradiction. 

Since we have the condition u{t, x) > h{t, r{x)) for all points x on the 
boundary of fl and m(0, ■) > h{0, r(-)), it follows that G > 0. Therefore, 
if we let S goes to 0, then we have u>hor as claimed. □ 
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